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Abstract 

We consider a family of fragmentation processes where the rate at which a particle 
splits is proportional to a function of its mass. Let F^ m) (t),F^ m) (t),... denote the 
decreasing rearrangement of the masses present at time i in a such process, starting 
from an initial mass m. Let then m — > oo. Under an assumption of regular variation 
type on the dynamics of the fragmentation, we prove that the sequence (F% , F^ m \ ...) 
converges in distribution, with respect to the Skorohod topology, to a fragmentation 
with immigration process. This holds jointly with the convergence of m — F± m ^ to a 
stable subordinator. A continuum random tree counterpart of this result is also given: 
the continuum random tree describing the genealogy of a self-similar fragmentation 
satisfying the required assumption and starting from a mass converging to oo will 
converge to a tree with a spine coding a fragmentation with immigration. 
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1 Introduction and main results 

We consider Markovian models for the evolution of systems of particles that undergo split- 
ting, so that each particle evolves independently of others with a splitting rate proportional 
to a function of its mass. In [Sj, Bertoin obtains such fragmentation model with some self- 
similarity property by cutting the Brownian Continuum Random Tree (CRT) of Aldous 
, [2j as follows: for all t > 0, remove all the vertices of the Brownian CRT that are located 
under height t and consider the connected components of the remaining vertices. Next, set 
F Br '^(t) : = (i J ] Bp (0> (t), ...) for the decreasing sequence of masses of these con- 

nected components: F Br ^ 1S) is then a fragmentation process starting from (1,0,...) where 
fragments split with a rate proportional to their mass to the power —1/2. 

On the other hand, Aldous pQ shows that the Brownian CRT rescaled by a factor l/e 
converges in distribution to an infinite CRT composed by an infinite baseline [0, oo) on which 
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are attached compact CRT's distributed, up to a scaling factor, as the Brownian CRT. In 
terms of fragmentations, his result implies that 

e- 2 (F 2 BrXl \e-), if" (1) ( £ .), •••) ^ FI Br as 

where FI Br is some fragmentation with immigration process constructed from the infinite 
Brownian CRT of Aldous. Equivalently, if F Br,<ym ^ denotes the Brownian fragmentation 
starting from (m, 0, ...), 

(if" (m) , F 3 Br ' {m \ ...) ^ FI Br asm^oo. 

Motivated by this example, our goal is to characterized in terms of fragmentation with 
immigration processes the limiting behavior of 

/ T^{ m ) T^( m ) T^{ m ) \ 

{m — l<{ ,^2 j -^3 j •••) as m ~ > 00 

for some general fragmentations F^ where the rates at which particles split are proportional 
to a function r of their mass. In cases where r is a power function, this will give the 
asymptotic behavior of (1 — F^(e-), (e-), ...) as e — > 0. 

This paper is organized as follows. In the remainder of this section, we first introduce the 
fragmentation and fragmentation with immigration processes we will work with (Subsection 
1.1) and then state the main results on the limiting behavior of F^ (Subsection 1.2). These 
results are proved in Section 2. Sections 3, 4 and 5 are devoted to fragmentations with a 
power function r. Section 3 concerns the behavior near of such fragmentations starting 
from (1, 0, ...). Section 4 deals with the asymptotic behavior as m —>■ oo of some CRT repre- 
sentations of the fragmentations F^ m \ Section 5 is an application of these results to a family 
of fragmentations, namely the "stable fragmentations", introduced by Miermont [2l)].|27j. 
Last, Section 6 is an Appendix containing some technical proof and some generalization of 
our results to fragmentations with erosion. 

1.1 Fragmentation and fragmentation with immigration processes 
1.1.1 (r, ^-fragmentations 

For us, the only distinguishing feature of a particle is its mass, so that the fragmentation 
system is characterized at a given time by the decreasing sequence s± > S2 > ... > of 
masses of particles present at that time. We shall then work in the state space 

l[ := js = (Sj)i>i : Si > s 2 > ■■■ > : ^ s< < oo j 

which is equipped with the distance 

d(s,s') := V | s< - s-| . 
< 't>i 

The dust state (0, 0, ...) is rather denoted by 0. Consider then (F(t),t > 0), a cadlag /{-valued 
Markov process, and denote by F^ a version of F starting from (m, 0, ...). 
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Definition 1 The process F is called a fragmentation process if 

• for allm,t>0, F- (m) (t) < m 

• for all t > 0, conditionally on F(to) = (si, S2, ■■■), (F(t +t),t > 0) is distributed as 
the process of the decreasing rearrangements of F^ Sl \t), F^ S2 \t), ... where the F^ 's are 
independent versions of F starting respectively from (sj, 0, 0, ...), i > 1. 

When F^ = mF^ for all m, the fragmentation is usually called homogeneous. Such 
homogeneous processes have been studied by Bertoin [Zj and Berestycki In particular, one 
knows that when the process is pure-jump, its law is characterized by a so-called dislocation 
measure v on 

A,<x ■= I s e/{ : XL, s i < Mi < 1} 

that integrates (1 — si) and that describes the jumps of the process. Informally, each mass 
s will split into masses ssi,ss2,-.., X]i>i s « — 1> a ^ ra ^ e ^(ds). We call such process a v- 
homogeneous fragmentation. To be more precise, the papers [Zj,jl] give a construction of the 
fragmentation based on a Poisson point process (s(tj), fc(ij))),>i on l\ <1 x N with intensity 
measure z^<S>#, where # denotes the counting measure on N. The construction is so that, at 
each time U, the £;(tj)-th mass F^(U-) splits in masses Si(ti)Fj%\(ti—), s 2 {ti)F^(ti-),..., 

the other masses being unchanged. The sequence F^ m '{ti) is then the decreasing rearrange- 
ment of these new masses and of the unchanged masses F^ m \ti—), k 7^ k(ti). 

General setting. In this paper, we are more generally interested in pure-jump fragmen- 
tation processes where particles with mass s split at rate r(s)z/(ds), where r denotes some 
continuous strictly positive function on (0, 00). When v is finite, this means that each particle 
with mass s waits an exponential time with parameter r{s)i>{l\ <x ) before splitting, and when 
it splits, it divides into particles with masses sS\, SS2, where [Si, S2, ■■■) is independent 
of the splitting time and is distributed according to u{-)/u{l\ <1 ). When v is infinite, the 
particles split immediately. In all cases, these models are constructed from homogeneous 
fragmentations using time-changes depending on r. This is detailed below. Let us just add 
here that in the sequel, we will always focus on such (r, v) fragmentations where 

- r is monotone near 

(H) 

- KEi>i si < 1) = 0, 

the hypothesis on v meaning that the fragments do not lose mass within sudden dislocations. 

Construction. The distribution of each (r, z/)-fragmentation is constructed through time- 
changes of a ^-homogeneous fragmentation starting from (1,0,...) in the following man- 
ner (see PU for details): let F«' hom be a ^-homogeneous fragmentation starting from 
(1,0,...) and consider a family (/ hom (t),t > 0) of nested random open sets of (0,1) such 
that F^' hom (t) is the decreasing sequence of the lengths of interval components of I hora (t), 
for all t > 0. One knows ( 8],|1]) that such interval representation of the fragmentation 
always exists. For x G (0,1), t > 0, call I^ om (t) the connected component of I hom (t) that 
contains x, with the convention I^ oni (t) := if x ^ I hom (t). Introduce then the time-changes 

T? (t) := inf [u > : /" . , fj~ . ... > t\ , (1) 
I Jo r(m\I^(r)\) J 
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where |/£ om (r)| denotes the length of the interval J^ om (r) and, by convention, r(0) := oo 
and inf{0} := oo. Clearly, the open sets of (0, 1) 

/T W := U. 6(0 , 1 ) J " Om ^ m W)' 

are nested and we call F^ m ^(t) the decreasing rearrangement of m times the lengths of the 
intervals components of I T (t), t > 0. The process is then the required fragmentation 
process starting from (m, 0, ...) with splitting rates r(s)z/(ds) (Proposition 1, [Hj). 

Self-similar fragmentations. When t(s) = s a for some a G R, the fragmentation is 
called self-similar with index a, since l = mF^(m a -) for all m > 0. These self-similar 
fragmentations processes have been extensively studied by Bertoin [Z|,!H]>!I3- 

Two classical examples. The Brownian fragmentation is a self-similar fragmentation 
process constructed from a normalized Brownian excursion e^ m ' with length m as follows: 
for each t, F Br '( m '(t) is the decreasing rearrangement of lengths of connected components 
of {x G (0,m) : 2e (jn \x) > t}. Equivalently it can be constructed from the Brownian 
continuum random tree of Aldous by removing vertices under height t, as explained in the 
introduction (precise definition of continuum random trees are given in Section 4). The index 
of self-similarity is then —1/2 and Bertoin jH] proves that the dislocation measure is given 
by 

v Br (si G dx) = (2irx 3 (1 - xf)- 1/2 dx, x G [1/2, 1) , and v Br (s x + s 2 < 1) = 0, (2) 

this second property meaning that each fragment splits into two pieces when dislocating. 

On the other hand, by logging the Brownian continuum random tree along its skeleton, 
Aldous and Pitman |3J have introduced a self-similar fragmentation F AP with index 1/2 
which is transformed by an exponential time- reversal into the standard additive coalescent. 
This Aldous- Pitman fragmentation is in some sense dual to the Brownian one: its dislocation 
measure is also v Br (see |Hj). 

Loss of mass. Consider the total mass M^ m \t) = Yli>iFi m \t) of macroscopic particles 
present at time t in a fragmentation F^ . When the fragmentation rate of small particles 
is sufficiently high, some mass may be lost to dust (i.e. a large quantity of microscopic - or 
0-mass - particles arises in finite time), so that the mass (t) decreases to as t — ► oo. 
Such phenomenon does not depend on the initial mass m and happens, for example, as soon 
as J 0+ dx/(xr(x)) < oo. We refer to [T7j for some necessary and sufficient condition. An 
interesting fact is that the mass decreases continuously: 

Proposition 2 The function t \— > M^ m \t) is continuous on [0, oo) . 

This will be useful for some forthcoming proofs. A proof is given in the Appendix. 



4 



1.1.2 (r,i>',I)-fragmentations with immigration 

Let X be the set of measures on q that integrate (J2j>i s j) A 1- Two such measures J, J 
are considered to be equivalent if their difference I — J puts mass only on {0}. Implicitly, 
we always identify a measure with its equivalence class. In particular, in the following, we 
will often do the assumption I(li) ^ 0, which means that / puts mass on some non-trivial 
sequences. Endow then X with the distance 



D(I, J) = sup 



/(s)(/- J)(ds) 



(3) 



where JF is the set of non-negative continuous functions on q such that f(s) < (X^>i s j) ^ 1- 
The function s i— > (X^>i s i) ^ 1 belongs to T and therefore X is closed. It is called the set 
of immigration measures. 

Definition 3 Let ((rj, u 4 ) , i > 1) be a Poisson point process (PPP) with intensity I El and, 
conditionally on this PPP, let i,j > 1, be independent (t,u) fragmentations starting 

respectively from Uj, i,j > 1. Then consider for each t > 0, the decreasing rearrangement 

FI(t) := {ff 5) (f - r,),r, < t,j, k > 1 G Zj. 

The process FI is called a fragmentation with immigration process with parameters (r, u, I). 

When there is no fragmentation (v{l\ K1 ) = 0), we rather call such process a pure immi- 
gration process with parameter I and we denote it by (I(t),t > 0). 

This means that at time r^, particles with masses u\, u l 2 , ... immigrate and then start to 
fragment independently of each other (conditionally on their masses), according to a (r, v) 
fragmentation. The initial state is 0. Note that the total mass of immigrants until time t 

:= E <, < ( 4 ) 

*— 'ri<t,j>l J 

is a.s. finite and therefore that the decreasing rearrangement FI(t) indeed exists and is in 
G q. The process 07 is a subordinator, i.e. an increasing Levy process. We refer to the 
lecture jSj, for backgrounds on subordinators. In particular, we recall that a subordinator a 
is characterized by its Laplace exponent, which is a function CT such that E[exp(— qa(t))] = 
exp(—t(j) (7 (q)), for all q,t>0. 

Note also that FI is cadlag, since the F^' are cadlag, since dominated convergence 
applies and since, clearly, the following result holds. 

Lemma 4 For all integers 1 < n < 00, let x n = (x^,i > 1) be a sequence of non-negative 
real numbers such that Yli>i x i~ < 00 an d ^ denotes its decreasing rearrangement. If 

Ei>i \ x i - x T\ °; then Ei>i \ x t - x T l \ °> z - e - z ni ^ m 4- 

Equilibrium for such fragmentation with immigration processes has been studied in 
in a slightly less general context. 
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1.2 Main results: asymptotics of 

From now on, we suppose that <x ) 7^ 0. Introduce then for all m > 0, the measure 
v m 6 X defined for all non-negative measurable functions / on l\ by 

/ /(s)i/ TO (ds) := / /(s 2 m, s 3 m, ...)i/(ds). 

Set also 

p„(m) := (u (sx < l-m- 1 ))' 1 = (u m , l{E i >iS i >i}) _1 

which is finite for m large enough and converges to as m — > 00 when z/(ij <1 ) = 00. 

We are now ready to state our main result. We remind that the distance on X is defined 
by ©• Also, the set of cadlag paths in K+x/j is endowed with the Skorohod topology. 

Theorem 5 Let F be a (t,u) fragmentation and suppose that r(m)i/ m — > I, 7^ 0, as 
m — > 00. Then, 

(m - F[ m \ {FjT\ Ft\ •••)) - (^/, ^) «s m - 00 

where FI is a fragmentation with immigration with parameters (r, u, I), starting from and 
a 1 is the process @ corresponding to the total mass of particles that have immigrated until 
time t, t > 0. 

In some sense, letting m — > 00 in F^ m ^ creates an infinite amount of mass that regularly 
injects into the system some groups of finite masses which then undergo fragmentation. A 
similar phenomenon has been observed in the study of some different processes conditioned 
on survival (see e.g. [TT].[T5|.[T5].|25]). 

Example. Recall the characterization (J2J) of the Brownian dislocation measure Vg r . Clearly, 
m _1 / 2 z/ Br ?n — > I Br where the measure l Br is defined by 

I Br (si e dx) = (2vrx 3 )- 1/2 dx, x > 0, and I Br (s 2 > 0) = 0. (5) 

So the previous theorem applies to the Brownian fragmentation and the fragmentation with 
immigration appearing in the limit has parameters (r : x 1— > x -1 / 2 , u Br , I Br ). The Levy mea- 
sure of the subordinator o~i Br is simply I B ,,(si G dx). Informally, this corresponds to the 
convergence, mentioned in the introduction, of the Brownian CRT to a tree with a spine on 
which are branched rescaled Brownian CRTs. This tree with a spine codes (see Section 4 for 
precise statements) the above (r : x 1— > a; -1 / 2 , u Br , I B ) fragmentation with immigration. 

Other examples are given in Section 5.1. 

The assumption on the convergence of r(m)u m may seem demanding and, clearly, is not 
always satisfied. A moment of thought, using test-functions of type / a ( s ) = l{Ei>i s *> a l' 
a > 0, leads to the following result. 
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Lemma 6 Suppose that r{m)v m converges to some measure I, ^ 0, as m — > 00. Then 
both r and <p u vary regularly at 00 with some index — r y u , 7^ G (0, 1) and r(m) ~ Cip u (m) as 
m — ► oo ; /or some constant C > 0. .4s a consequence, the limit I is j^-self-similar, that is 

/ f(asi, as 2 , (ds) = a 7 " / /(s) J (ds) for all a > 0, f E J 7 , 
Ji[ Ji[ 

which in turn implies that o~i is a stable subordinator with index 7„ and Laplace exponent 
CT(1 - i v )qt*, q > 0. 

Hence Theorem El applies to measures such that v9 I/ (m)z/ m converges, coupled together 
with functions r whose behavior at 00 is proportional to that of ip u . Note in particular that 
the speed of fragmentation of small particles plays no role in the existence of a limit. 

Remark then that it is possible to construct from any 7-self-similar immigration measure 
J, / 0, 7 e (0,1), some dislocation measures v such that tp v {rn)v m converge 1 to /, 

which gives a large class of measures v to which Theorem EJ applies. Also, note that when 
the fragmentation is binary (i.e. when z/(si + s 2 < 1) = 0), the convergence of (p v {rn)v m 
holds as soon as ip u varies regularly at 00 with some index in (—1, 0). 

For functions r such that (<p u /T)(m) converges to or 00, a first computation shows that, 
provided (p u (m)i , rn converges and r varies regularly at 00: 

- {<pjr){m) -> =► (m - ^(1), F 2 (m) (l)) ^ (00, 00) 

- Mr)(m) - 00 =► (m- F< ro >(l), (F 2 (m) (l), F 3 (m >(1), ...)) ^ (0,0). 

One way to avoid these trivial limits is to consider the process 

F (m) 

up to a time change: 

Theorem 7 Suppose that r varies regularly at 00, and that ip u {m)v m — > / as m — > 00. 

(i) // {ip v /r){m) — > ; i/ien, as m — >■ oo ; 

((m - ^ (m) ((^/r)(m)-)),F 2 (m) ((^/r)(m)-) , F 3 (m) ((^/r)(m)-) , ...) ^ (1(f), f > 0)), 
where (I(t),t > 0) is a pure immigration process with parameter I. 

(ii) If (<p u /t) (m) — > 00 and tae fragmentation loses mass to dust, then the following finite- 
dimensional convergence holds as m —> 00, 

((m - F[ m) ((^/r)(m)-)),F 2 (m) ((^/r)(m)-) , F 3 (m) ((^/r)(m)-) , ...) £ (07,0). 

The assertion (ii) is not valid when the fragmentation does not lose mass, since the 
quantity m — Yli>i^i ((^^/r)(m)) is then equal to and so cannot converge to 07(1). 
However, a result similar to that stated in (ii) holds for fragmentations that do not lose 
mass, provided that the distance d is replaced by the distance of uniform convergence on 
l[. Also, the reason why the limit in this statement (ii) holds only in the finite dimensional 

^or example, define v by f sl /(s)i/(ds) := f t i f(l - J2j>i s j> s i> s 2, ...)l{ si <i_£ Sj }I{ds). Clearly, 
v (52j>i s j 7^ 1) = 0) v integrates (1 — s\) and mT 1 v m — > /. 
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sense and not with respect to the Skorohod topology, is, informally, that the functional limit 
of (F 2 {m) ((ifjr)(m)-) , F 3 (m) {{ip v /r)(m)-) , ...) cannot be cadlag. 

Another remark is that under the assumptions of the first statement, the processes 
F < f n \{ip u /r){m)-) 1 i > 2, although not increasing, converge as m — > oo to some increas- 
ing processes. In particular, F^\[tp v /r)[rn)') converges to (Af(t),t > 0) where Af(t) is the 
largest jump before time t of some stable subordinator with Laplace exponent aT(l — ^ v )q iv ) 
q > 0, and a = linim^oo ip u (m)u(s2 > m _1 ) (this limit exists, although s i— »■ l{ Sl >i} ^ J 7 , 
because I(s\ G dx) is absolutely continuous, as a consequence of the self-similarity). In case 
v is binary, one more precisely has: 

Corollary 8 Suppose that v is binary and suppose that ip v varies regularly at oo with some 
index —7^,7^ G (0, 1). Then, if a > —~f v , 

((m - F[ m) ((^/r)(m)-)),F 2 (m) (( Vv /r)(m)-) , F 3 (m) ((^/r)(m)-) , ...) ^ (a, A 1; A 2 , ...) 

where a is a stable subordinator with Laplace exponent T(l — 7 i ,)q ,ov and (Ai(i), A2(i), ...) 
t/te decreasing sequence of its jumps before time t, t > 0. 

Example. This can be applied to the Aldous-Pitman fragmentation, since (p u (m) ~ 
7r 1 / 2 (2m)- 1 / 2 . We get that 

((m - ^'^(m- 1 -)), ^^(m- 1 -), J^V" 1 '). ...) - Kp, A^, Af , ...) 

where a^p is a stable subordinator with Laplace exponent \/2q 1 / 2 and (A^ p (i), A^^t), ...) 
the decreasing sequence of its jumps before time t, t > 0. Aldous and Pitman [B], Corollary 
13, obtained this result by studying size-biased permutations of their fragmentation. 

Other explicit (and non-binary) examples are studied in Section 5.2. 

2 Proofs 

The main lines of the proofs of Theorems El and [3 are quite similar. We first give a detailed 
proof of Theorem 03 and then explain how it can be adapted to prove Theorem We will 
need the following classical result on Skorohod convergence (see Proposition 3.6.5, [Tlj). 

Lemma 9 Consider a metric space (E, d E ) and let f n , f be cadlag paths with values in E. 
Then f n —*f with respect to the Skorohod topology if and only if the three following assertions 
are satisfied for all sequences t n — > t, t n , t > : 

(a) min{d E {f n (t n ),f(t)),d E (f n (t n ),f(t-))) - 

(b) d E (f n (t n ), f(t)) -> =>- d E (fn(sn), fit)) -> for all sequences s n t, s n > t n 

(c) d E (f n (t n ), /(*-)) -> =>• d E (f n (s n ), /(*-)) -> /or a// sequences s n -> t, s n < £„ 
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2.1 Proof of Theorem [5] 

In this section it is supposed that r{m)v m — > /, ^ 0, as m — > oo. Our goal is then 

to prove Theorem El which is a corollary of the forthcoming Lemma ^2 In order to state 
and prove this lemma, we first introduce some notations and give some heuristic geometric 
description of what is happening. There is no loss of generality in supposing that the (r, v) 
fragmentations F^ m \ m > 0, are constructed from the same //-homogeneous one, which is 
done in the following. 

2.1.1 Heuristic description 

We first give a geometric description of the fragmentation F^ m \ which may be viewed as a 
baseline B = [0, oo) on which fragmentation processes are attached. 

Let A( m ) be the process obtained by following at each dislocation the largest sub-fragment. 
According to the Poissonian construction of homogeneous fragmentation processes and the 
time-change between ^-homogeneous and (r, ^-fragmentations (see Section 1.1.1), the pro- 
cess A^ m ) is constructed from some Poisson point process ((tj, s l ) , i > 1) (independent of m) 
with intensity measure v as follows: if £ denotes the subordinator defined by 

*(*) : = kg(«i)), ( 6 ) 

and p^ the time change 

p {m \t) : = inf ju : J dr/r(mexp(-£(r))) > tj , (7) 

then 

K^)(t) = mexp(-£(p (m) (t))), t > 0. (8) 

The set of jump times of A^ m) is {t™ := p- (m \ti),i > 1}. 

The evolution of the fragmentation F^ m ' then relies on the point process ((t™, s l ),i > 1): 
at time t™, the fragment with mass A^ m ^(t™— ) splits to give a fragment with mass A^ m ^(t™) = 
y\M(£^_ ) s * anc i sma ller fragments with masses A( m )(t™— )s'-, j > 2. For j > 2, call 

F*- A ~^ s ^ the fragmentation describing the evolution of the mass A( m )(£-™— )sj- and con- 
sider that it is branched at height £™ on the baseline £>. Then the process _F( m ) is obtained by 
considering for each t > all fragmentations branched at height t™ < t and by ordering in 
the decreasing order the terms of sequences F^ A( — t™), t™ <t,j> 2, and A^ m ^(t). 

In some sense, there is then a tree structure under this baseline with "fragmentation" leaves. 
This will be discussed in Section 4. 

Similarly, a (r, u, I) fragmentation with immigration FI can be viewed as the baseline 
B with fragmentations leaves F^\ j > 1, attached at time r i; where ((rj,u*),i > 1) is a 
Poisson point process with intensity I and F^\ i,j > 1, some (r, v) fragmentations starting 
respectively from u l j, i,j > 1, that are independent conditionally on ((rj,u l ),i > 1). 

Now, to see the connection between these descriptions and the result we want to prove on 
the convergence of (F% , F^ ; , ...) to FI, note that the processes A^ and i 7 ^ , although 
different, coincide at least when A^ m '(t) > m/2, since A^ m '(t) is then the largest fragment 
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of F^ m \t). Fix t 

< oo. It is easily seen that under the assumption T{m)v m — > I (which 
in particular implies that r(m) — > as m — > oo), a.s. p^ m '(to) — > as m — > oo, which 
in turn implies that for large m's and all t < to, A^ m \t) > m/2, and therefore A^ m \t) = 
F[ (t). In particular (i^ 2 (t), F^ m \t), ...) is then the decreasing rearrangement of the terms 
of sequences F^ m) ^~H\t - t?), tf <t,j> 2. 

Hence, informally, one may expect that the process (-F 2 , F$ , ..) converges in law to 
FI as soon as (A^^tf 1 — )sp % > l,j > 2) converges to (u*,z,j > 1), and > 1) to 

(ri,i > 1). The statement of these convergences is made rigorous in the forthcoming Lemma 
ITUl which is then used to prove the required Lemma ^2 

2.1.2 Convergence of the point processes 

Consider the set [0, oo) x l\ endowed with the product topology (which makes it Polish) and 
introduce the set 7^r 0oo ) x ^ of Radon point measures on [0, oo) x l\ that integrate l{t<t } x 
Sj>i s ji f° r an > 0. Two such measures are considered to be equivalent if their difference 
puts mass only on [0, oo) x {0}. Again, we shall implicitly identify a measure with its 
equivalence class. Introduce then ^ Ooo ^ x ii, the set of M + - valued continuous functions / on 

[0, oo) x l\ such that f(t,s) < l{t<t } J2j>i s j f° r some t > (we shall denote by £q such 
Vs) and equip TZ^ with the topology induced by the convergence \i n — > fi (fi n , f) — > 
(/x, /) for all / G J 7 ^ o^xji- With respect to this topology, one has 

Lemma 10 J2i>i 5 (C-(A (m) (C-)^),>2) ™ Ei>i 5 (n,u*) as m -> oo. 

Proof. We first point out that \i m := dfa/TimMme*-)^) converges in distribution to 

\i := J2i>i ^(r-i.u*)- I n d ee d; both measures belong to 1Z^ Q and according to Theorems 4.2 
and 4.9 of Kallenberg [22], the convergence in distribution of /i m to ji is equivalent to the 
convergence of all Laplace transforms E [exp(— (/i m , /))] to E [exp(— (//, /))] , / G •7"r 0oo ) x jij 
which is easily checked: fix such function / and apply Campbell formula (see e.g. |23j ) to 
the Poisson point processes ((^, s 1 ), i > 1) to obtain 

E [exp(-(// TO , /))] = exp -r(m) / (1 - exp(-/(u, s)))(du ® f m (ds)) 

Clearly, the function Ff : s i— > J °(l — exp (—/(«, s)))du is continuous and bounded by 
£o((X^>i s j) ^ ■'")■ Therefore (r(m)v m , i*/) — > (I,Ff), which in turn implies that 

£ [exp(-(// m , /))] -> £ [exp(-(/i, /})]. Hence /i m /i. 

Then, using Skorohod's representation theorem (our set of point measures is Polish, see 
e.g. Appendix A7 of Kallenberg [22]), one may suppose that fi m — > \i a.s. To simplify, we 
work in the rest of the proof with the representation of the measure \x (resp. /i m , m > 0) 
that does not put mass on [0, oo) x {0}. We then call o m a (random) permutation such that 

ta m (i)/ T ( m ) r i an d (msj ®)j>2) ~~ * u \ Vz > 1, a.s. This leads us to the a.s. pointwise 
convergence 
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C»®=P <m) (to-<f))^r i (9) 



Cr m (i)N 



(ms„- K ')j>2— ► u 



u«.™ : =(AM (Cm(i) _ )s J m « ) ^ 2 ^ u ,. 



Indeed, as noticed in Lemma |B1 the assumption r{rn)v m — > /, /(/}) 7^ 0, implies that r 
varies regularly at 00 with index —7^ 6 (0, 1). In particular r(m) — > and then t^m^) — ► 0. 
This implies that A^(t™ m ^— ) = mexp(— £(t CT m (i) — )) ~ m an d then that u*' m — > u\ Next, 
because of the regular variation of r, one knows (see Potter's Theorem, Th. 1.5.6 ^0]) that 
there exists for all A > l,s > 0, some constant M(A,e) > such that 

T f Tfl ) 

A- l eM{-lu-mr)) < r(meX p ( _ e(r))) < Aex P ((- 7l , + £ )£(r)), (10) 
for all m, r such that mexp(— £(r)) > M(A, e). This implies that 

/"*o- m (i) 

r(m) / dr/r(mexp(-^(r))) ~ W 
Jo 00 

and therefore that r™ = p^^^to-m^) — > as m — > 00. 

It remains to prove that (a.s.) J2i>i <5(r; m ,u». m ) - >■ Si>i ^(n.u*)- So fix / G J r [ 0oo ) x/ i and 
choose some an d C > 1 such that tgC ^ {r.j, ? > 1}. Then fix 77 > and take %q such that 
^i>i , ri <t f c Sj>i M j < ?7- Since V and 4^ 7^ r i, i> !> one nas 

E\ ^ (tyis 7 - \ < 77 

for m large enough. Next, we claim that there exists some mo such that for all m > mo and 
t > 0, p~( m \t) < t{] leads to (t/r(m)) < tpC, at least if C has been chosen large enough. 
Indeed, for m large enough, the left hand side of ()10|) is valid uniformly in t, W < 1. Taking 
C larger if necessary, we get that (t/r(m))C _1 < p~( m \t), Vt < 1, hence that p~( m \t) < 
implies (t/r(m)) < Ctp, Vt < 1. On the other hand, still for m large enough, p~^ m \l) > t{\ 
(since r(m) — > 0), and a fortiori p _(m )(t) > for all t > 1. This leads to the claim. So, for 
m large enough, r™ < implies (t (7 m ( - i )/r(m)) < t^C, and therefore 

Consequently (using that w^'" 1 < msj +1 , j > 1), 

|£ (/(r m i, m) _ /( i } | < J- |/(rr,u^)-/(r,,u l )|+2r ? . 

I < 'l>\ I ^— '«<«o 

At last, using first the pointwise convergence (jHJ) for the finite sum on i < io and then letting 
77 — 0, one obtains the required ^ i>1 f(r™, u l ' m ) — > J2i>i f( r ii u *)- Let us also point out 
that, exactly in the same way, one obtains J2i>i ^(r^z*-™) — * J2i>i ^(n,^) a - s - ■ 
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2.1.3 A.s. convergence of versions of (m — F[ , (-F 2 , •••)) to a version of (07, FI) 

In the following, we keep the notations r|™, z* ,m , u vm introduced in the proof above and we re- 
call that we may suppose that J2i>i ^(r™,^.™) an d J2i>i & \r™ ,tf>™) converge to ^i>i ^(n.u*) a - s - 
Consider then some i.i.d. family of //-homogeneous fragmentations issued from (1, 0, ...), say 
phom,{i,j) ^ > anc [ f or eacn p a j r (i,j), construct from _F hom '( l J') some (r, ^-fragmentations 

_p( u / ) ; m > 1, and F^, starting respectively from u- m , m > 1, and w*. Extend the def- 

inition of these processes to t G R*~ by setting F 1 ^ = F Ku i>(t) := 0. Then for t > 0, 
let 

F {i,i),™^ ._ F {u) m )(t _ r ™) (11) 

and set 

* W W:=™a r ^l-™-%^r)- (12) 

The process A m is distributed as since Ylj>i s ] = 1 v-a,.e. for all i > 1. The point 
is then that the process F m ^ obtained by considering for each t > the decreasing rear- 
rangement of the terms A^ m (t), F^'^' m (t), i,j,k > 1, is distributed as F^ m \ Furthermore, 
if to < °° is fixed, then a.s. for m large enough and all < t < t , F 1 (t) = A (t) and 

L M (t) := )(*),...) = {^>' m (t),i, j,Jfc > 1}*, (13) 

as noticed in the heuristic description. 
Define similarly 

F (hi)J(t) ■- i r(«j)( t _ r .) j t > o. 

The process of the decreasing rearrangements of terms of F™" 1 ^), i,j > 1, which we still 
denote by FI, is a (r, z/, J)-fragmentation with immigration starting from 0. Also, we still 
call <Ji{t) := J2 n <t j>\ u )i t — 0- Theorem El is thus a direct consequence of the following 
convergence: 

Lemma 11 (m - A (m) , L^) ^ (07, FI) as m — > oo. 

To prove this convergence, we shall prove that the following assertions hold whenever 
m n — > oo, and t n — > t, t n > 0, (from now on, we omit the "a.s."): 

(A a ) litis not a jump time of (07, FI), then {m n -A (mn) {t n ) , {t n )) (aj(t),FI(t)) 
(At,) if t is a jump time of (aj,FI), there exist two increasing integer-valued sequences 
(one of them may be finite) ip, such that N = {ip n , ip n , n > 1} and 

(i) if ip is infinite, then for all sequences s v — > t s.t. s Vn > t v , 

(zz) if t/> is infinite, then for all sequences — > t s.t. s^ n < t$ , 
{m^-K {m ^\s^),L^) M ) Z (aj(t-),Fnt-)). 

According to Lemma El this is sufficient to conclude that (m — A*" 1 , L^) — » (07, FI) with 
respect to the Skorohod topology. In order to prove these assertions, we first show two 
preliminary lemmas. 
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Lemma 12 Consider a sequence a n — > a, a n > 0, and let F 1 be a is -homogeneous 
fragmentation starting from (1,0,...). Let and F^ be some (r,v) -fragmentations con- 

structed from F hom starting respectively from a n , n > 0, and a, and extend these processes 
to t E IR* - by setting F^(t) = F^(t) = 0. Then, whenever v n — » v, v n , »6R, one has, 

(a) if v is not a jump time of F^ a \ F^ an \v n ) — > F^(v) 

(b) if v is a jump time of F^ a > , there exist two increasing sequences (p,i() such that N = 
Wn^m n >l} and 

(i) if cp is infinite and if w Vn — > v, > v v , then F^*' (w^, J — > F^ a \v) 

(ii) if is infinite and if w^ n — > v, w^ n < v^ n , then F^n)(w^ ) — > F^iy— ). 

In particular, when v = 0, if is the increasing rearrangement of {k : v k > 0} and is 
that of {k : Vk < 0} . 

This implies that F^ an ^> — > F^ a ^ a.s. with respect to the Skorohod topology. 

Proof. All the convergences stated in this proof are a.s. Note that the statement is obvious 
when a = 0, since sup v J2 k>1 Fj: an \v) < a n — > 0. Also, when v n — > u < 0, F^ n )(f„) = 
F^ a \v) = for large n and the statement holds. So, we suppose in the following that 
a, a n > 0, and v > 0. 

To start with, we point out two convergence results when w n — > v, w n > 0. The nota- 
tions J hom , T™, m > 0, x G (0,1), were introduced in Section 1.1.1. First, we claim that 
T£ n (w n ) — > T£(v), provided |/^ om (^)| > for all r > (which occurs for a.e. x G (0,1), 
since ^(X^>i s j < 1) = 0)- Indeed, consider such x. If there were a subsequence (k n ) n >o s.t. 
linin^oo r>K n ) > T£(v) with T x Q (v) < oo (the limit may be infinite) , then one would have 

w kn > / dr/r(a kn \l^(r)\) > / dr/r(a kn |4 hom (r)|) 

Jo Jo 

for some e > and all n large enough. The latter integral would then converge to 
fi m(vy *dr/T(a\llr(r)\) > v, by dominated convergence (note that under our assump- 
tions, for n large enough, the set {a kn |/£ om (r)| , r < T£(v) + e, n > n } belongs to some 
compact of (0, oo)). This would lead to lim inf n _>oo -u;^ > i>, which is impossible. Similarly, 
it is not possible that fc ™ (u> fcn ) — > b < T£(v). Hence 

T^(w n ) -> for a.e. x G (0, 1) . (14) 

Next, the total mass M^ a \v) can be written as a l{T«0)<oo}d:r and since it is continuous 
(Proposition EI), l{T£(v)=oc}dx = 0. By combining this with (JUJ), we get 

M^\w n ) = a n f l {T « n{Wn)<oo} l {Tsiv)<oo} dx ^ MW(v). (15) 
Jo 

We are now ready to prove assertion (a). Suppose that v is not a jump time of F^ a \ 
Then for all x G (0, 1), s t— > |/^ om (s)| is continuous at T£(v) and since v is necessarily strictly 

positive, we may suppose that v n > and apply (|T4*)) . Therefore, F k \v n ) —> F k a \v) for all 
fc > 1. On the other hand, M^\v n ) -> M( a )(w) by (HSJ). Hence F( a ")(v n ) -> FW(v). 
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We now turn to (b) and first suppose that v > 0. That v is a jump time of F^ means 
that there exists a unique interval component of its interval representation that splits at 
time v. More precisely, it means that there exists a unique interval component, say 1%°™, of 
the interval representation of F hom that splits at some time T a (v) such that T a (v) = T£(v) 
for all x E Moreover, for all s < T a (v) and all x,y E i£° m , I^ om (s) = iJ om (», which 

implies that for all b, u > and x E ij° m , T*(u) < T a (v) T*(u) = T b x (u) \/y E I^ a m . This 
allows us to introduce the increasing sequence if), independent of x E Iy°™, of all integers k 
s.t. T" fc (t> fc ) < T%(v) for some (hence all) x E 1%°™- The increasing sequence ip is then that 
of all integers k s.t. T^ k {vk) > T£(v) for some (all) x E I v<a . 

Suppose then that p is infinite and let w lfln — > v, w v > v Vn . On the one hand, 
Tx^iwy, ) > T£(v), n > 1, and the functions s i— > |/ x (s)| are right-continuous when a? e ^o™- 
On the other hand, the functions s i— > |/i(s)| are continuous when x ^ Z£a m - Therefore, the 

convergences ()14|) imply that F^" Pn \w lp ) converges to F^ a \v), V/c > 1. Moreover, M a ^« (it?^ ) 
converges to M a (v) by (fl~5|) and then, F^ a ^\w 9 ^) converges to F^{v). Hence (6)(i). 

Suppose next that i/> is infinite and let — ► t>, uy, n < tty . One has T"*" ("Hty ) < 
for all x E l£° m , n > 1. By (JUJ), this implies that F fc (a * n) («tyJ converges to F { k a \v-), VA; > 1. 
Then, using (fTHjl . we get that F^ a *n> (w^ ) converges to F^ a '(v— ). Hence (b)(ii). 

Last, it remains to prove (b) when t> = 0. Let here p be the increasing rearrangement of 
{k : Vk > 0} and i/> the increasing rearrangement of {k : < 0}. If (p is infinite, let w iPn — > 0, 
«J 9n > . Then ii^ > 0, and so, according to (fT4*|) and (JUJ), F'°* , ")(itJ ¥ , ) converges to 
F$(0). If V is infinite, let -> 0, < v^. Then FM^J = = F^ a \0-). m 

Lemma 13 Let m n — > oo and t n — > t, t n > 0. 



(ii) 7/t = r io for some Iq, then m n — A " (t n ) converges to Ci(t) when t n > r™ n for large 
n's and it converges to ai(t—) when t n < r™ n for large n's. 

Proof. Recall that J2i <Vf Eifyn.u') and set -Z' 1 '" 1 " : = Ej>i' 2; j' n ™> ^ := J2j>i u )- 

(i) Take f > t s.t. t' £ {n,i > 1} and fix < rj < 1/2. One has i2i>k,n<t> u * < V for 

some large enough and then Ei>/cr m ™<t' Z l,mn < r] for all n large enough. In particular, 

all components of these sums are then smaller than rj. Taking n larger if necessary (so that 
— 1) one gets that for all i > k, m~ l Z % ' mn \i r m n <t n < rj < 1/2, which implies (using 

|ln(l - x)\ < 2x for < x < 1/2) that 



(i) Ifti{r h i 



> 1}, then m n — A n (t n ) — > o~i(t). 




— m, 




r™ n <t'} 



< 2Z l > mn l {r m n < t , } < 2-q. 



When moreover t n < t', 



J2i>i( uil {n<t} + m n In (1 - m~ x < 

< Ei<*(tf* !{»*<*} + m « m (1 - m 

< 52i<k( Uil {n<t} + ™ n In (1 - m. 




) 1 {r j nn <tn}) 




On the other hand, since t ^ {^i, - ^ 
equivalently, 

— m„ In (l — m, 



> 1}, Z'- m "l (r » 





™<tn} ~" ^ ll {n<*}- 
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Hence the upper bound of (|16|) is bounded from above by 4r) for n large enough. Therefore 
— m n V ,m n< , ln(l — m~ 1 Z l,mn ) converges to &i(t) (= J2 r<t U l ), which implies that 

(ii) If t = r i() and i n > r™ n for n large enough, then, for all i > 1, Z* ,mn l| r ™n <tn | 
converges to [/ 4 l{ ri < 4 } and one concludes exactly as above. Now, if £ n < r™ - ™ for large n's, 
Z l °< m "l {r rn n < tn} converges to U l °l {no<t} and still, Z i ' m "l{ f .?»»<t n } converges to U l l {n < t} for 
i 7^ z . The conclusion then follows by replacing l{ rio <t} by l{ riQ<t } in the proof above. ■ 

Now let m n — ► oo and t n —>■ t, t n > 0. We are ready to prove assertions (A a ) and 

Proof of Lemma 1111 The proof is split into two parts, according to whether t is, or not, 
a jump time of FI. It strongly relies on the convergence J^i>i 8( r ™ n v**™™) — ► X^«>i ^(^.u*)- 

1. If t is not a jump time of FI, then t — rj is not a jump time of F^\ Vi, j > 1 (in 
particular, t ^ > 1})- When t — r, > 0, applying Lemma (a) to the sequences 
a n = M i' m ™, a = u), v n = t n - rf" and u = t - r h one gets that F^' mn (t n ) -> F^ }I (t), 
Vj > 1. Clearly, such convergence also holds when t < r i; since then F^'^' mn (t n ) = for n 
large enough. Fix next some r], e > and then some s.t. Ylii+j>k u )^-{n<t+e} < V- For n 
large enough, X]j+j>fc M i' mnl K ln <M < V, an d therefore 

V d(F^'Wt n ), F^ti)) < V rf(F (ij) ' m "(t n ), F (ij) ' 7 (t)) + 2?7. 

So, the right hand side of this inequality is smaller than 3rj for n large enough, i.e. 
Ei,j>i rf ( i?( *' i) ' mn (*n) ) ^ l(i ' i),I (*)) -> 0. Then, by LemmaH one concludes that L (mn \t n ) -> 

FI(t). On the other hand, Lemma EH (i) implies that m n — A Wn (t n ) — > <Ji(t). Hence we 
have assertion (A a ). 

2. Now assume that t is a jump time of FI. Our goal is to construct some increasing 
sequences ip and ip, N — {(p n ,ip n ,n > 1}, such that assertions (Ai)(i) and (Ab)(ii) hold. 
For all i,j > 1, let J^ 1 ^ denote the set of strictly positive jump times of F^\ Since the 
process of total mass of this fragmentation is continuous (Proposition |2j), it only jumps when 
a fragment splits. And then, since the _F hom >( J >J) are constructed from independent Poisson 
point processes, independent of ((ri,u l ),i > 1), (a.s.) the J'^'s are pairwise disjoint and 
disjoint from {ri,i > 1}. Also, every F^ jumps at (we recall that these processes are 
defined on M) and therefore the set of jump times of F^' is J^ % ^ U {0}, i,j > 1. So, if t is 
a jump time of FI: 

• either t — ri E J'v-O'M for some (unique) pair (io,jo)- Then, one can apply Lemma 
IT2T&) to a n = u° o ' mn , a = v n = t n — r™ n and v = t — r io . Let ip and ip be the 
sequences that appear in this statement and first, suppose that <p is infinite. Consider then 
some sequence s Vn — > t, s Vn > t Vn , and apply Lemma WlXb)(i) to w Vn = s lf>n — r io Vn . One 
obtains that F^ '^'™^ (s v ) converges to F^ 0,J ' ^ / (i). On the other hand, by Lemma IT^T a). 
F^' j%) ' rn f"'(s (Pn ) converges to F (ij) ' / (t) for all ^ (io,jo) since t-ri U{0}. Hence, 

as in 1., we get that J2 i j>i d ( FiiJ),m,fin ( s <pJ' F{i ' j) ' I ( t )) tends to °> and then ' b y Lemma 
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HJ that L mv »(sp ) converges to FI(t). Moreover, m Vn — A ^" ( s <p n ) converges to <tj(£), by 
Lemma fEU (i) since t ^ > 1}- Hence (Ab)(i). 

Similarly, supposing that ijj is infinite and — > t, s^ n < , one gets, by applying 

Lemma WZX bMii). that L m *«(s^ n ) — > FI(t—). Moreover, m^, n — A*' m,/ ' n ' ) (s^ n ) converges to 
cri(t) = ai(t—), still by Lemma fl3l (i) since t ^ {ri,i > 1}. Hence (Ai)(ii) and then (^4&). 

• or t E {r\, i > 1}, say t = r io . For i i , t — r% ^ jw) y jo} and therefore, as explain 
above, F^>' mn (s n ) converges to fW' ,r (t) = F^ ,I {t— ), for all sequences s n — > £. Let then 
be the increasing sequence of integers such that £& > r™ fc and V be the increasing 
sequence of integers k such that t k < r™ k . When tp is infinite and s iPn —* £ = r io , s iPn > t Vn , 
one has, by Lemma H2fb)(i), that F^ ^'™"?™ (s v ) converges to F^ '^' / (t), Vj > 1. Together 
with the fact that F^^'' mtf> ^ (s 9 ) converges to F^^' 1 (t) for i ^ i , j > 1, we obtain, as in 

1., that L^f^^StpJ) converges to FI(t). On the other hand, m {Pn — A^ n " Pn \s ip ) converges 
to <Ti(t), by Lemma IT31 (ii). Hence assertion (A b )(i). Now, if if) is infinite, let — > £, 
< £^ n - Clearly, F^'Wn^J = = F( ioJ ')' 7 (£-), Vj,n > 1. Moreover F^W* ( S ^J 
converges to F™'' 1 ^—) for z 7^ i , j > 1, and therefore lA" 1 ^'^ ) tends to FI(t—). At 

last, m^ n — A^ 71 *™ (s^, n ) converges to er/(£— ) by Lemma IT31 (ii). Hence assertion ■ 

Remark. The convergence in law of m — A*™) (and a fortiori of m — F[ ) to some 7-stable 
subordinator a, 7 G (0,1), actually holds as soon as ^ varies regularly at 00 with index 
—7 and r(m) ~ C(p v (m), C > 0. Very roughly, the point is either to check that the regular 
variation assumptions imply that the measures Yli>i ^( r m ]r u .' m ) converge in distribution 

to some Poisson point measure ^>i ^(r<,x*) 011 [0, 00) x M + , where ((rj,x*),z > 1) is a PPP 
with intensity C"x _7_1 da;, a; > 0. This will lead to some result identical to Lemma 
(replacing there 07 by a). Or to use classical results on convergence of subordinators (see 
e.g. [21]) and, again, regular variation theorems. 

2.2 Proof of Theorem [7] 

We still use the notations A^ m \ ((£•", s l ), i > 1) and ((r i; u l , z > 1) introduced in the previous 
subsection, and we suppose that r varies regularly at 00, and that ip v {m)v m — > I as m — > 00. 

Lemma [TU] bis 5 (t m (r/ ^ )(m))(A{m)(t m_ )s i ) ^ 2) — ► Si>i<Vi,u*)- 

The proof of this result is similar to that of Lemma El so we only give the main lines. 

Proof. Here we replace the measure \x m introduced in the proof of Lemma ITU1 by Jt m : = 

Si>i^((t(/^H,(mj'.)j>s)! which, under the assumption {p u (m)b / m — > I, converges in distribu- 
tion to Yui>i ^(n,^)- Consider versions of these measures such that the a.s. convergence holds. 

Then let a m be a permutation such that £s m (i)/ '(p v (m) — > and (ms- )j>2 - * u ', and de- 
fine from this permutation, r- 1 , u l ' m and z J,m , exactly as r™, u*'" 1 and z* ,m were defined from 
a m by formula (JHJ). As in the proof of Lemma ITO] note that u l ' m —>■ u', since — > 
since f u (m) — > (this convergence to is due to the fact that ^ varies regularly with some 
index in (—1,0), since ^p v {m)v m converges, see Lemma IBJ). Also, since r varies regularly at 
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oo, the Potter's bounds ()10|) hold and then one checks that r™(r / '(p u )(m) — > rj. The rest of 
the proof is now very similar to that of Lemma ■ 

One may suppose that E»>i %r(^JM ! a i ' m ) and EiM^Fr^/^X™),?-" 1 ) converge to 
Ei>i fyn.u*) a.s. Let thenF^')' m , A^ and be defined from rf , u*- m , z i,m , i > 1, m > 0, 
by formulas similar to (jllj) . (|12|) and (JTJJ). Also, let F^ m ^ obtained by considering for each 
t > the decreasing rearrangement of the terms A^ m ^(t), F^'^' m (t), i,j,k > 1, and note 

that A^ m ^ = A^ and F^ m ^ ^ F^ m \ We should point out that contrary to what happens 
when r{vn)v m converges to a non-trivial limit, A*™) and do not necessarily coincide on 
[0, to] for large m's under the assumptions of Theorem [7| However A^ m ' ) ((^ l/ /r)(m)-) and 
F^ n \{ip v /T){m)-) do coincide on [0,t ] for large m's and that is all we need for the proof. 
Let m n — > oo and t n — > t. By imitating the proof of Lemma EH one easily obtains 

Lemma HU bis (i) If t ^ {r^z > I}, then m n - A (mn) ((v9 iy /r)(m n )t n ) — > cx/(t). 

(ii) If t = r io , then m n — A^ mn )(((y9 l/ /r)(m n )t n ) converges to o~i(t) when (Lp u /T)(m n )t n > 
r™ n for n large enough and it converges to ai(t—) when {ip u /T){m n )t n < r™ n for n large 
enough. 

Proof of Theorem UJ (i). Let I(t) be the decreasing rearrangement j > l,rj < t}K 
Our goal is to show that 

(m - AH ((^/r)(m)-) ,Z (m) (fo,/r)(m).)) - (a,, (1(f), f > 0)) (17) 

when (ip u /r){m) — > 0. Under this assumption, ((p u /r)(m n ) (t n — ¥[ ln {r/ip u ){m n )) converges 
to 0. Hence F' !J ' ,m " (((p u /T)(m n )t n ) converges to u l - when {<£ U /T)(m n )t n > f™" for large n's 
and it reaches when (<£v/r)(m n )t n < r™" 1 for large n's. Recalling Lemma IT31 bis, it is then 
easy to adapt the proof of Lemma ITT1 to obtain the required convergence (|17jl . Note that the 
only jump times of the limit process are the ?Ys, which makes the proof shorter than that 
of Lemma ^2 ■ 

To prove Theorem [7| (ii), we need the following lemma. 

Lemma 14 Consider a sequence a n — > a, a n > 0, and let F hom be a homogeneous v- 
fragmentation starting from (1,0,...). Let F^ an ^ be some (r, ^-fragmentations constructed 
from F hom , starting respectively from a n , n > 0, and let t n — > oo. Then, if the fragmentation 
loses mass to dust, F^ an >(t n ) ^ a.s. 

Proof. As in the proof of Lemma IT2l we may suppose that a > 0. Then, since the fragmenta- 
tion F^ loses mass, every x falls into the dust after a finite time, i.e. J °° l/r(aI^ om (r))dr < 
oo. It is then easy, using dominated convergence and the fact that r is monotone near (hence 
necessarily non-increasing here, because of the loss of mass), that J °° l/r(a n I^ om (r))dr < 
C < oo for large n's. Hence T£ n (t n ) = oo for large n's, and therefore, M^ an \t n ) = 
a n £ l {TSn{tn)<oo} dx converges to 0. ■ 

Proof of Theorem UJ (ii). Suppose that [}p v /r){m) — > oo and fix t > 0. When t > r^, 
{ip v /r){m) (t — (t / (p u ){m)r'™ 1 ) — > oo and then, according to the previous lemma, 
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F^' m ((ip u /r)(m)t) — > 0. When t < r h F^' m ((ip u /r)(m)t) = for m large enough. 
From this, we deduce that for all t (£ {r», i > 1}, ((p u /r)(m)t) — ► 0. Furthermore, 
m — A*™) ((ip v /r)(m)t) — > crj(i) according to Lemma IT^l bis. So, if we consider some finite 
sequence of deterministic times ti, we know that (a.s.) these times are not in {ri,i > 

1}, and therefore that the convergences of (m — ((ip u /r)(m)ti) ,L^ m ' (((p u /T)(m)ti)) to 
(cr/(t/),0), 1 < / < k, hold simultaneously. Hence the convergence in the finite dimensional 
sense. ■ 

Let us point out that the convergence of Z/ m ) ((<^ i/ /r)(m)-) to in the Skorohod sense 
does not hold when {ip v /r){m) — > oo. Indeed, consider some i such that u\ > (such i exists 
since J(/j) ^ 0) and set t m := (r / '</?„) (m)rf 1 , m > 0. Then F^' m (((p v / V)(ra)£ m ) converges 
to itj 7^ and consequently Z> m ) (((p u /T)(m)t m ) 0. Therefore, assertion (a) of Lemma 01 
is not satisfied. 

3 Small times asymptotics in the self-similar cases 

We are now looking at the small times asymptotics of F^ 1 ' when r(m) = m a , aGl When 
v {A<i) < °°> a particle waits a positive time before splitting and F^(e) =' (1,0,...) for e 
small enough. So the interesting case to study here is v{l\ <1 ) = oo, which is supposed in 
the rest of this section. In that aim, introduce the function 

Vv 1 ^) inf { m : <Pv( m ) < e}, 

which is well defined in a neighborhood of since K1 ) = oo, and recall that under 
the assumption tp v {m)v m — > I, the function ip v is regularly varying at oo (with index — r y v ). 
Classical results on regular variation (see ^Oj) then implies that ip" 1 is also regularly varying 
(at 0) and ip u o ip~ 1 (e) ~ e when e —>■ 0. Thanks to the self-similarity of F, one then obtains 
the following Corollary [Tol by 

- applying Theorem 03 when m~ a (p u (m) — » £ G (0, oo) to the process F^^ 1/a \ and then 
using that a fragmentation with immigration process with parameters (a, £v, I) is distributed 
as FI (£■) where FP denotes a fragmentation with immigration (a, v,£~ l I) 

- applying Theorem [7| when m~ a p u (m) — > £ G {0, oo} to the process F^" 

By convention, when £ = oo, a (a, £u, I) fragmentation with immigration FI is a process 
constantly null, FI(t) = 0, Vt > 0, but the subordinator 07 of total mass of immigrants is 
still non-trivial and constructed from the measure /. Roughly, this corresponds to the case 
where particles immigrate and vanish immediately. 

Corollary 15 Suppose that (p v {m)v m —>■ I and m~ a (p u (m) — > £ G [0, 00] as m —>■ 00, and 
let FI be a self-similar fragmentation with immigration with parameters (a,£v,I) , starting 
from 0. Then, 

V^)(l " if V), (if V), if V), •••)) - fa, FI) ase^O, 

where the convergence holds with respect to the Skorohod topology when £ < 00 and in the 
finite-dimensional sense when £ = 00. 
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Remark that the fragmentation with immigration process that arises in this limit is 7„- 
self-similar (as a consequence of the 7^-self-similarity of I stated in Lemma i.e. 

(FI(at),t> 0) '= {a lh »FI{t),t> 0) for all a > 0. 

Bertoin jH] proves that large times behavior of self-similar fragmentations differs signif- 
icantly according as a < 0, a = or a > 0. The above corollary shows that the rules are 
quite different for small times behavior: the convergence rate only depends on v and then the 
form of the limit only depends on the position of a with respect to j v . The index a = —-y u 
is the only one for which the limit may be a non-trivial fragmentation with immigration and 
this occurs if and only if (p v {m) behaves as a power function asm-> 00. This suggests that 
this index is in some sense more natural than the others. 

However, the limit is also non-trivial when a > — 7„. In particular, Corollary |H1 in this 
self-similar setting, says that if v is binary and if ip u varies regularly at 00 with some index 
— 7j, G (—1,0), then, as soon as a > —7^, 

ip-\e) (l-F^e^FWH.Fi 1 '^),...) ^ (a, A 1; A 2 , ...) as e - 

where a is a stable subordinator with Laplace exponent r(l— r ) v )q iv and (Ai(t), A 2 (t), ...) the 
decreasing sequence of its jumps before time t, t > 0. This completes a result of Berestycki 
[5] who shows that 

(F 2 (1) (5),F 3 (1) (5),...) *S (AiCO.AaCl),...) 

when a > 0, v is binary and (p u varies regularly at 00. He also investigates the behavior of 
F2 1 \e) near for all measures u and a > 0, and obtains that F 2 (e) ~ R( £ ) a - s - where i? 
is the record process of a PPP with intensity v{s2 G da;). 

We also refer to Miermont and Schweinsberg [2H] for some specific examples. 

Total mass behavior. In the self-similar setting, the total mass M^(t) = Yli>i ^i^i^) °f 
macroscopic particles present at time t is non-constant if and only if a < 0. A consequence 
of Corollary El is that the behavior near of the mass 1 — is then specified as follows. 

Corollary 16 Under the assumptions of Corollary as e — > 0, 

v -\e){l- M^\e-)) 1 ^ aj - M FI 

where Mpiif) = Ylj>i ^K*)) ^ — 0> (again, the convergence holds with respect to the Skoro- 
hod topology when I < 00 and in the finite-dimensional sense when £ = 00). In particular, 
the limit is equal to 07 when £ = 00, is when £ = 0, and is non-trivial when < £ < 00. 

Note that when a > — j v , the limit £ equals and so the speed of convergence of 
1 - M w (e) to is faster than l/^ 1 (e). When -j v < a < 0, one can obtain a lower bound 
for this speed by using Theorem 4 of (201, which implies that for all 7 < —a, there exists a 
positive constant C 7 such that 1 — M'^e) > C 7 e 1//7 , > 0. 
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4 Underlying continuum random trees 



In this section r(m) = m a with a < 0, so that the fragmentation loses mass to dust and 
reaches in finite time a.s. As noticed in [20J, the genealogy of the fragmentation can then 
be described in terms of a continuum random tree. 

The definition of CRT we are considering here is the one given by Aldous [2] , to which we 
refer for background and precise definitions. Let l\ := {x = (xix 2 , ■■■), J2k>i \ x k\ < °°} be 
endowed with the norm Wx^ := J2k>i \ x k\> an d let {e^, k > 1} be its usual basis. Roughly, 
a CRT is a pair (T, /x) where T is a closed subset of h that possesses the "tree" property: 
for all v,w G T, there exists a unique (injective) path connecting v to w, denoted by [[v, w}]. 
This tree is rooted, that is one vertex is distinguished as being the root 0r- It is moreover 
equipped with a cr-finite mass measure /i, which is non-atomic and puts mass only on the 
set of leaves, a leaf of T being a vertex that does not belong to [[0, v[[, Vt> G T. 

According to Theorem 1 of (2H|, since a < 0, the fragmentation can be constructed 
from some random compact CRT (T 1 ,// 1 ) rooted at as follows: for each t > 0, F^\t) is 
the decreasing rearrangement of the //-masses of connected components of T 1 obtained by 
removing the vertices with a distance from the root smaller than t. We shall say that (T 1 , /i 1 ) 
codes the fragmentation F^\ Note that the measure /i 1 is here a (random) probability 
measure. 

Now, let T m denote the tree T 1 rescaled by a factor m~ a and let fi m be m times the image 
measure of /x 1 by this scaling. Then, according to the self-similarity property, {T m , /i m ) codes 
an (a, ^-fragmentation F^ m \ 

In the remainder of this section we assume that 

^ a ^m — ► I, 7^ 0, as m — > oo. (18) 

Given Theorem|5J one can then expect that the sequence of CRTs (T m , /i m ) converges in dis- 
tribution to some "(a, is, I) fragmentation with immigration CRT" (Tfi,h fi ), which should 
be seen as an infinite baseline B := {xe\,x > 0} on which compact CRTs are branched. A 
version of this tree with a spine is constructed below. 

We first specify the notion of convergence of trees we are using here. Two trees are 
considered to be equivalent if there exists an isometry that maps one onto the other and 
that preserves the root. Implicitly, we always identify a tree with its equivalence class. A 
natural distance to consider then is the so-called Gromov-Hausdorff distance, which is a 
distance measuring how far two metric spaces are from being isometric (see JIB! f° r a precise 
definition and properties). Restricted to compact trees of l±, this distance is given by 

D gH (T,T) : =inf(^(^(T),^(T')) V^(^(0 r ),^(0 r O)) 

where the infimum is taken over all isometric embeddings (p, ip' : l\ — > E into a same metric 
space (E, and denotes the usual Hausdorff distance on the set of compact subsets of 
E. However, the trees that appear as limit of T m are not compact (but their restrictions to 
closed balls are). Hence we have to trunk them, by introducing, for every tree T and every 
integer n, T \ n := {x gT : Hx^ < n}. We then consider that a sequence % converges to T 
as k — > oo i.f.f. Dg-niTk \ n , T | n ) — > for all n > 0. 
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Let us now construct a nice version of the CRT (T m ,/i m ) by using the geometric de- 
scription of of Section 2.1. Instead of branching fragmentations on a baseline, we here 
branch CRTs. To do so, write N\{1} = i+J^ ■ >1 Jij where Card(Jj ) j) = oo and let fij be a 
bijection between N and Jjj. Remind then that ((r^, u*),z > 1) is a PPP with intensity / 
and that the random variables r™, u l ' m , % > 1, introduced in formula (jOJ) Section 2.1, have 
been constructed so that 2^i>i 5( r t ii ,u i > m ) converges a.s. to J2i>i ^(n.u*)- Define then the maps 

Em i / i,m\— a \ v 
fc >! X * e k >-> ^ e X + (uy ) 2^ fc >! X * e /<.i(*) 

S fc >i Xfcefe ^ riGi + ( u 5)~ a Z) fc >i Xfce /«( fc )- 

Introduce next a family {% j, fa t), h j > 1, of independent copies of (T 1 ,// 1 ), independent 

of (r™,u* ,m ,i > 1) and {(ri,u l ),i > 1). The tree T {u j ' := m^(7ij), endowed with the 

measure u- m ii i ^ o (m™) -1 , codes a fragmentation -* branched on £> at height r|™ and 

the required version of (T m ,/i m ), still denoted by (T m ,/i m ), is defined by 

T m : ={xe 1 ,0<i<C}U w >irK' m ) (19) 

where is the first time at which (defined by (|5)l) reaches 0. 

Similarly, a nice version of the (a, is, I) fragmentation with immigration CRT (T F i,n FI ) 
is defined by 

T FI : =i3U M >!TK) (20) 

where T^ u ^ := m^(7^j). To obtain a version of the (a, is, I) fragmentation with immigra- 
tion from this tree, just set FI(t) for the decreasing sequence of /i F/ -masses of connected 
components of {x E.T F j : ||x|| j > t, X\ < t}. At last, note that since / is (— a)-self-similar 
(by Lemma EJ), the CRT is also self-similar, i.e. 

(Tpj, a~ 1/a jj, a FI ) = (T FI ,fi FI ) for all a > 

where T FI is the tree T FI rescaled by the factor a and n FI is the image measure of \i FI by 
this scaling. 

We are now ready to state the counterpart, in term of trees, of Theorem assuming that 
()18|) holds. The topology on the set of measures on l\ is the topology of vague convergence. 

Theorem 17 As m — > oo, 

For the proof, we need the following lemma, where hij := sup{||x|| 1 ,x G T it j} is the 
height of the tree %j. It is known (see [TJj) that those random variables have exponential 
moments. 



rn 



rn 



h3 
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Lemma 18 For all neN, 



E 



rV*<nj>l 



i,m?.-l/a P 



E 



i t — l/a 

u i h i • as m — > oo. 



(21) 



.As a consequence, one can extract from any increasing integer-valued sequence n a subse- 
quence k such that for all n,p G N ; as m — ► oo ; 



ri<n,j> 



(22) 



Proof, (i). Fix n G N and recall that a.s. Y2i>i ^r^u*'™) converges to X^i>i ^(r,,u ! )' anc ^ 
r, ^ N, « > 1. Consequently, u- m l^< n } — > w*l{rj<n} f° r a U j > 1 a.s., and a.s. for all 
r] > 0, there exists afceN such that for m large enough, 



E, 



+j>k J 



(23) 



We want to prove that X m := Y^ r ™< n ,j>i M j m \j /Q converges to X := Z) n <n,j>i 



-l/a 



J>1 j M 
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probability. Remark that X < oo a.s. since i?[X | (r*, u*),i > 1] = Sr i <nj>i' u j * s 

finite a.s. Similarly, X m < oo a.s. Then, since 



P (\X m - X\ > e) = E [E [l { \ Xm ~x\>e} I (C u*' m ), ( , ,. u ). /. /,/ 



>i]] 



it is sufficient, by dominated convergence, to prove that the conditional expectation converges 
a.s. to 0, We > 0. For large m's, one has 



£[1{|*„ 



-X|> £ } 



(rr,u*' m ),(r,,uV,m>l] 



< e' 1 E[hl] /a ] ^2 tj>1 \uj m l {rr < n } - u)l {n < n} \ 



the last inequality coming from ()2Hj1 . So for all 77 > 0, we have a upper bound smaller than 
2r]6~ 1 E[h 1 for all m sufficiently large, a.s. Hence the conclusion. 

(ii). The measure I is self-similar (by Lemma \§§ and consequently atomless on Zj;\{0}. 
As (r j,u l )j>i is a PPP with intensity /, independent of the /ijj's, this implies that a.s. 
(u l j)~ a hijp ^ 1, Vi,j,p > 1, which in turn leads to the convergence of l^..™)-^ -p>i}l{rf<n} 

to l{(«i.)-»/njP>i} 1 {ri<n} a - s - Vh3,P, n > !■ Tnen for a11 fc > 1, 



E, 



1 r/ z,m\_ 
l <n,?>l U u j J 



»/li 1J -p>l} 



- ^2 i+j<k | 1 {(«- ,m )- Q ^ J p>i} 1 { r r^ n > ~ 1 {(«5)-"^ J p>i} 1 {n<r»} 

E i+7 .> fc (4 m ^; /a i { c<n} + «j/*y i/a i { r 4 <»>). 



(24) 
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So if we prove that each sequence k, possesses a subsequence /c independent of n e N such 
that, a.s. for all e > there exists a such that 

^2 i+j>k ( u ] :Kmh i,j 1 {r^ m <n} + "i^ij l{ri<n}) < e for all m large enough, (25) 

then we will have the statement (using also that the first term in the right hand side of the 
inequality (J23j) is composed by a finite number of terms that all converge to as m — > oo). 
Clearly, to get (j2SJ), it is sufficient to show that there is a subsequence 7c such that Vn, 

EMSroi. - 1/a \ ^ j 7 — 1/a 

It • m /l i / -> > «,A/ & .S. 

To construct this subsequence, we use the convergence in probability (|21jl . It implies that 
for all n, there is a subsequence such that the above a.s. convergence holds. We want a 
sequence 7c independent of n and to do so, use a diagonal extraction argument: extract Tc^ 
from /c and then recursively K^ n+1 ^ from 7c^ n '. Then set 7c m := K^ m '(m). ■ 

Proof of Theorem II 7L In all the proof (T m , /i m ) refers to the version of the fragmen- 
tation CRT with total weight m and (Tfi, h fi ) to the version (|2()jl of the fragmentation with 
immigration CRT. We will prove that (T m ,/i m ) converges in probability to (T FI ,fi FI ), or 
equivalently that for any increasing integer-valued sequence /c, one can extract a subsequence 
7c such that (7^ m ,/i Km ) converges a.s. to (T FI ,fi FI ). So, fix such a sequence k and consider 
its subsequence 7c introduced in the lemma above, so that the a.s. convergences (122)1 hold. 
In the rest of the proof, all the assertions hold a.s., so we drop the "a.s." from the notations. 

(i) . A first remark is that for all i, j > 1, 

D h{r{^ m \ T (M P) < |rf - n\ + | {u) m )- a - {u))- a \ h itj ^ as m -> oo. (26) 

____ / i.~K m \ 

Fix then ii,p£E As a consequence of (j22|) . the number of trees among {T^ j , i,j > 1, 
rf* < n.}, which are not entirely contained in {x : ||x— a^eil^ < p^ 1 } is constant (finite) 
for m large enough. Let /C be the finite set of s.t. is not entirely contained in 

{x : ||x— sciei || 1 < p^ 1 }- Then for large m's, 

D l ^(T Km \ n ,T FI \ n )<p- l + m^D l ^ u f m )^). 

i,jeK 

Considering (|2T)J) and taking m larger if necessary, one sees that this upper bound is in turn 
bounded by 2p~ x . This holds for all pGN. Hence D gH (T iim \ n , T FI \ n ) -> 0, Vn e N. 

(ii) . Next, for all R + -valued continuous function / with compact support on li, 
(■u^ m ju i jo(m^-) -1 , /) converges to (mfj) -1 , /), since m™(x) — > mfj(x) for all x e ii- 
To deduce from this that the sum over z, j > 1 of these measures converges, fix some 77 > 
and let Cf := sup Zl |/(x)|. Again we use the argument that there exists some k G N such 

that S^i+j>fc u } l{r i <c / } < V and J] i+i > fc Uj m l{ r ™<c f } < V for all m large enough, which leads 
to 

I </i"\ /> - Wi, /) I < + , <fe j («} m A*y o ( m ™)-\ f) - {„>,,.. o (mj.)" 1 , /> | 
which is bounded by (2Cf + 1)77 for large m's. ■ 
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5 Stable fragmentations 



In this section, we apply our results to two specific families of fragmentations constructed 
from the so-called stable tree (T 13 , [iP) with index /3, 1 < (3 < 2. This object is a CRT 
introduced by Duquesne and Le Gall [12], who we refer to for a rigorous construction. 
Roughly, T 13 arises as the limit in distribution of rescaled critical Galton- Watson trees T n , 
conditioned to have n vertices and edge-lengths n 13 _1 , and an offspring distribution (r] k , k > 
0) such that r] k ~ Ch~ x ~^ as k — > oo. It is endowed with a probability measure ^ which is 
the limit as n — > oo of the empiric measure on the vertices of T n . 



5.1 Stable fragmentations with a negative index of self-similarity 

Let F 13 ' (t) denotes the decreasing sequence of /i^-masses of connected components obtained 
by removing in T 13 all vertices at distance less than t from the root, t > 0. Miermont 26 j 
shows that F 13- is a self-similar fragmentation with index 1/(3 — 1, and with a dislocation 
measure v& given by 

/ /(s)*/(ds) = C P E [2f/((2f)- l (Af,Af,...))l , / e T> 



"i,<i 



where Cp = (3 2 T{2 — (3 1 )/r (2 — (3) . The process T 13 is a stable subordinator with Laplace 
exponent q 1 ^, i.e. 

^[expt-gT 1 / 3 )] = exp(-rg 1//3 ), q,r > 0, (27) 

and (A^ , A2, ...) denotes the sequence of jumps in the decreasing order of T 13 before time 1. 
In order to apply Theorem El to these fragmentations, we state the following lemma. 

Lemma 19 As m — > 00, m 1 ^ /3 ~ 1 u^ n — > I 13 , where I 13 is defined by 

f /*oo r -. 

/ /(s)J^(ds) =(3({3- l)(T(2-(3))- 1 / E /(^(A? , A? , ...)) x^dx, f e T. 
Ji{ Jo 1 J 

Using (|27j). one sees that J' 3 integrates (1 — exp(— X]j>i s i)) an d therefore that it is an 
immigration measure (it is also a consequence of the above convergence). 

Proof. In all the proof, Tf , Af , Af , ... are rather denoted by Ti> Ai, A2, ... A classical idea 
is to use a size-biased permutation (A*, A|, ...) of (A 1; A 2 , ...) to obtain some results on the 
latter. To do so, we first recall that T x has a density (see e.g. formula (40) in [HHI), that we 
denote by q. One then obtains, using Palm measures theory (see e.g. |29"]). the following 
equality : 

E[f(T h Al,Al,A* 3 ,...,A* k+1 )} (28) 
k+ i f°° f° f S °- S1 I" >: - /(*), si, gfc+iMgo - gi - - - g fc+ i)ds fc+1 ...d gl d So 
Jo Jo Jo Jo V+i s fc ( s o - si - ... - sjfc)...(so - si)a 

for all non-negative measurable function / on (IR + ) fc+2 , where cp = ((3T(1 — 



24 



Let then g be a non- negative measurable function on (K^)* 1 . One has 



m 



Tig 



mA 



fe+i 



m 



Ti 



(29) 



g(ms 2 /s Q ,ms 3 /s , ...,ms k +i/s ) 



x- 



o JO 
g(w - s 2 ... - s fc+ i)ds fc+ i...ds 2 dw 



(so-m) 1 /^ 



1//3, 



K - S 2 ... - S fe )(w - S 2 ... - Sfc- 



(w - s 2 )u 



f3cpE 



df 



where for the first equality we use formula (|28jl . the change of variables si t— > so — u and 
Fubini's Theorem, and for the second equality the change of variables sq h- > u + mt> _/3 
and again formula (J2EJ). This holds in particular for g(xi, x^) = f o d^(xx, x^, 0, ...) 



when / G JF and is the function that associates to (a;x,£ 2 , ...) G (M+) 00 , Xli>i x « < °°j its 
decreasing rearrangement in q (this function is measurable). Our aim now is to let — > oo in 
equality for such functions g. To do so, first note that d^(xx, ...,Xk,0, ...) — > d^(xx,x 2 , ■■■) 
in as k — > oo, for all (sci,^, ...) G (R + )°°, 52i>i a 'i < 00 • We then claim that dominated 
convergence applies in both sides of the equality. Indeed, for the left hand side, since /(s) < 



mAj mAj 



<T x \\Nm 



Ti - A* 



It is therefore sufficient to prove that -Epl A m(7\ — A*)] < oo, which, clearly, holds if 
E[Ti — A*] < oo. It is not hard to see, using the joint distribution ([28)1 . that the last 
expectation is bounded from above (up to a finite constant) by E'[(T 1 ) 1 ~ 1 / /3 ], which, according 
to formula (43) in j2Q], is finite. Hence dominated convergence applies in the left hand side 
of (|29)1 . Now, for the right hand side, one uses that 

0(A7(tT" + m" 1 ^), A*/(^ + m- 1 ^)) < (T^ A 1) 

which is integrable with respect to dP®t> ~@dv, because (1 — exp(— Tiv 13 )) is. At last, letting 
k —>■ oo, one obtains 



ni 



TJ o d± 



Ti ' Ti : 



Jo 
Jo 



dv 



f(A 1 /(v-' 3 +m- 1 T 1 ),A2/(v- l3 +m- 1 T 1 ),..:) 
^3 



This latter term converges as m — > oo to /Jc^ J °° [/(u^(Ax, A 2 , ...))] v~^dv , again by dom- 
inated convergence. Hence we would have the required convergence (m 1 ^ -1 ^^, /) — > (J^ 3 , /) 
for all continuous non-negative functions / G T if we could replace in the left hand side of the 
above formula the sequence d^mA^/Tx, mAg/Ti, ...) by (mA 2 /T 1; mA 3 /T 1 , ...). Of course, 
this is not possible. However, conditional on AJ > Ti/2, one has A^ =' A x (equivalently 
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(A2, A3, ...) =' (A 2 , A 3 , ...)), since the size-biased pick A^/Ti is then necessarily equal to 
the largest mass A1/T1. Therefore, one can write 



m 



+ m^-i^ [{TJ (^, ...) - Tl f o (^, ...)) 1 



Ti ' •• 

' *{Ai<Z\/2} 



and this converges to the required limit as m — > 00, because the absolute value of the second 
term in the right hand side of the equality is bounded from above by m 1 ^ l3 ~ 1 E [2Ti1{a*<Ti/2}] 
which in turn is bounded by m l ^~ l E [4(Ti — A*)] , which converges to as m —> 00. ■ 

From this and Theorem one deduces that 

(m - {Ft) {m \ {{Ft) im \ (if ~) M , •••)) - ^) (30) 

where FI 13 is a fragmentation with immigration process (1/(3 — 1, i^' 3 , J' 3 ) and 07/3 is the stable 
subordinator with index 1 — 1/(3 representing the total mass of immigrants. In terms of trees 
(Theorem IT7j). one has 

{(T^,m^> m )^(T FI0 ,» FI e) 

where T@ ,m is the stable tree rescaled by a factor m 1 ^ 1 ^ and yU^ ,m is the image of pJ 3 
by this scaling; (T FI p, ^ FI fi) is a fragmentation with immigration CRT with parameters 
(1/(3 -l,v?, FI?). ' 

In chapter 4.4.2 of ^Hj, it is shown that (some version of) this fragmentation with im- 
migration FI 13 can be constructed from the height process H@ coding a continuous state 
branching process with immigration, with branching mechanism u 13 and immigration mech- 
anism (3vtP~ x as follows: for all t > 0, Fl"(t) is the decreasing rearrangement of the lengths 
of finite excursions of above t. In a recent work, Duquesne ^T] shows that the rescaled 
height function of some ordered version of the stable tree with index (3 converges to 
which corroborates our results. 

Last, thanks to the self- similarity, the convergence (jrU)j) also specifies the behavior of 
(e-) as £ — > 0. In particular, the mass of dust 1 — (M 13 )^ behaves as follows. 

Corollary 20 As e -> 0, e-^-^{l-(M^{e-)) ^ f*l/(u)du, where L 13 is a continuous 
state branching process with immigration starting from 0, with branching mechanism u 13 and 
immigration mechanism /3u^~ l . 

Indeed, according to dSOJ), e -/»/(/»-i) (1 - {M^ l \e-)) converges in law to some non-trivial 
limit that corresponds to the total mass of microscopic particles produced until time t by the 
fragmentation with immigration FI 13 and the construction of FI 13 from H@ implies that this 
limit is equal to J < L /3 (u)du where LP(u) is the local time at u of H@. Lambert [21] proves 
that L 13 is actually a continuous state branching process with immigration starting from 0, 
with the characteristics mentioned in the above corollary. In a previous work, Miermont 26 
obtained this convergence result on the mass of dust in the one dimensional case. 

Remark. Using the same tools, one sees that the above corollary is also valid when replacing 
(3 by 2 and the fragmentation F 13 by a self-similar fragmentation with index —1/2 and 
dislocation measure \/2u Br . 
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5.2 Stable fragmentations with a positive index of self-similarity 



We here consider the fragmentations with parameters (l//3,v"), 1 < (3 < 2. Such 
fragmentations can also be constructed from the stable trees T 13 , by cutting them at nodes 
(see |2Zj)- According to Lemma ITTH and Corollary fTH| one knows that their small times 
behaviors are characterized in terms of the pure immigration processes (I^(t),t > 0) with 
intensity I 13 . Let then g be a l)-stable subordinator with Laplace exponent fiq 13-1 , q > 0, 
independent of T^ 3 and call (Af(g(t)), Ag (f?(£)), ...) the decreasing sequence of jumps of T 13 
before time p(t), t > 0. A moment of thought shows that ((A^ (g(t)), Af (g(t)), ...),t > 0) is 
distributed as (/^(t) , t > 0). Therefore, 

Corollary 21 As e — > ; 



Miermont [2Zj obtained this result in the one dimensional case. 

6 Appendix 

6.1 Proof of Proposition [2] 

Our aim is to prove that under the general assumptions we have made on r, v (r monotone 
near 0, ^(Si>i s i < 1) = 0) the mass M^ m \t) = Yli>i F^ m \t) is continuous in t. The proof 
is the same for all m, so we suppose that m = 1 and we use the notations M, F instead of 
F^\ We also suppose that u(l[ <x ) ^ 0. 

As often in the study of loss of mass, the problem can be tackled by considering the 
evolution of some fragments independently tagged at random. So, consider the interval 
representation I T from which F has been constructed in Section 1.1.1 and let U, U' be two 
independent r.v. uniformly distributed on (0, 1), independent of I T . Let then D T (resp. D' T ) 
be the first time, possibly infinite, at which U (resp. U') falls into the dust and note that 
with probability one, P(D T = D' T = t | I T ) = (M(t-) - M(t)f for all t > 0. Consequently, 
the mass M is a.s. continuous as soon as P(D T = D' T < oo) = 0. 

The goal now is to prove that this probability is equal to 0. To do so, note first, using 
the time changes (JTJ), that 



where, by definition, a = — ln(/^ om ). A well-known result of [7j says that a is a subordinator 
with zero drift and Levy measure L(dx) = Yli>i e~ x v(— logs« Edx). 

Introduce then T, the first time at which U and U' do not belong to the same fragment and 
call m(T) (resp. m'(T)) the length of the fragment containing U (resp. U') at that time. 
Since v does not lose mass during sudden dislocations, the masses m(T), m'{T) are a.s. 
strictly positive. Let then, for m > 0, r(m-) denote the function t G [0, oo) i— > r(mt). Using 
the fragmentation property, one sees that D T = T+D T ( m (ry) and D' T = T+D T ( m i(r).), where, 
conditionally on m(T) and m'(T), -D r ( m (T)-) and -D r ( m '(T)-) are independent and distributed 



e 



W-D(l _ F^ + (e-), (Ft(s.), Fg + (e.), ...)) ^ (tJ ( A f (,(•)), Af (,(■)), ...)). 




dr/r(exp(— cr(r))) 



27 



as -D t ( to (t).) and -D T (m'(T)-) respectively. Therefore, P(D T = D' T < oo) = P(D T ( m (ry) = 
D T ( rn '(T)-) < oo) is equal to as soon as the point oo is the only possible atom of D T t m .^ 
Vm > 0. The proof ends with the following lemma. We recall that a has no drift component. 

Lemma 22 Let f be a locally integrable and strictly positive function on [0, oo). Suppose 
moreover that f is monotone near oo. Then the integral J °° f(cr(r))dr is either a.s. finite 
or a.s. infinite and when it is a.s. finite, its distribution is atomless. 



Proof. The first assertion is a consequence of the Hewitt-Savage 0-1 law and is shown, e.g. 

lo 



in the proof of Prop. 10 of |17j . In the following we suppose that the integral J °° f(a(r))dr 



is a.s. finite. In particular, / is non-increasing near oo and converges to 0. 

(i) . The proof is easy when v is finite. Indeed, let then T\ be the first jump time of 
a. It is well-known that T\ and a(r + T\) are independent and that T\ has an exponential 
distribution. Therefore, splitting the integral at T%, we see that J °° f(a(r))dr can be written 
as the sum of two independent r.v.: 

/*oo poo 

/ f(a{r))dr = /(0)7\ + / f(a(r + T 1 ))dr, 
Jo Jo 

the first one, /(0)Xi, being absolutely continuous. It is easy that / °° /(cr(r))dr is then also 
absolutely continuous, hence atomless. 

(ii) . From now on, we suppose that v is infinite. Introduce then for all t > the stopping 
times 

6{t) : = inf ju : jf f(a(r))dr > t j , 

with the convention inf{0} = oo. According to the strong Markov property, conditional on 
6{t) < oo, 

/ f(a(r))dr = t+ / f(a(9(t))+a^(r))dr 
Jo Jo 

where a^'(r) := a{r + 6{t)) — cr(6 l (t)), r > 0, is a subordinator distributed as a and indepen- 
dent of a{e{t)). 

Now fix some t > and to begin with, suppose that / is strictly decreasing on [0, oo). 
The function x £ (0, oo) i— > J °° f(x + a^'(r))dr is then strictly decreasing, hence injective. 
Consequently, there is at most one point, say X t , such that J °° f(X t + <r^(r))dr = t. If that 
point does not exist, X t := oo. Then, 







P[ I f(a(r))dr = 2t) = P (J f{o(6(t)) + <r®(r))dr = t, 6{t) < oo 

= P(o-(6(t))=X t ,6(t)<oc) 



with X t independent of o~(6(t)). This latter probability is then 0, because for all < a < oo, 
P(a(Q{t)) — a) < P(3s : a(s) = a) and, by Kesten's Theorem (see e.g. Prop. 1.9 in 6\), 
since a has drift and v is infinite, P(3s : cr(s) = a) = 0. Hence the conclusion when / is 
strictly decreasing on [0, oo). 

Suppose next that / is only non-increasing on [0, oo) and that P (/ °° f{a{r))dr = 2t) > 
for some t > 0. Still because a(8(t)) has no atom (except oo), this implies that the probability 
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that the function x h- > J °° f(x + a^'(r))dr is constant on some non-void open interval is 
strictly positive, which, because of the monoticity of /, implies in turn that 

(POO POO \ 

J f{x + a{r))dr = J f(x' + a(r))dr = t)>0. 

But this is not possible. Indeed, consider some sequence t n < t, t n —> t, such that 
P (J °° f(x' + a(r))dr = t„) = 0, Vn. Then for all n, 



f(x + a(r))dr = / f(x' + a(r))dr = t 
Jo / 

= p(J f(y + a(9(t-t n )) + ^ t - t "\r))dr = t n ,Wye[x,x']y 

The t n 's have been chosen such that J °° f(x' + a^~ tri \r))dr ^ t n a.s. Therefore the latter 
probability is necessarily smaller than P (x' < x + a{6{t — t n )), which tends to as t n — >• t. 
Hence P ( f °° f{a{r))dr = 2t) = 0. 

At last, when / is non-increasing (only) in a neighborhood of oo, say on [b, oo), we can 
turn down to the previous case as follows: let Tb := inf{t : a(t) > b} and write 

pT b poo 

f(a(r))dr= f(a(r))dr+ f(a(T b )+a(r))dr (31) 
Jo Jo 

where a is independent of (a(t),t < T b ) and distributed as a. Conditional on (a(t),t < T b ), 
we know that J °° f(a(T b ) +a(r))dr is atomless since f(a(T b ) + •) is non-increasing on [0, oo). 
Therefore, using (pHj) and still conditioning on (a(t),t < T b ), we see that f(a{r))dr is 
also atomless. ■ 



6.2 Fragmentations with erosion 

Until now, we have considered pure-jump fragmentation processes. However it is well-known 
that a fragmentation may have a continuous part, and more precisely, that a general ho- 
mogeneous fragmentation is characterized by its dislocation measure v and by an erosion 
coefficient c > that measures the melting of the particles. More precisely, any homogeneous 
fragmentation _F hom can be factorized as F hom (t) = e~ ct F (t), t > 0, for some c > and 
some pure-jump ^-homogeneous fragmentation F . Exactly as in Section 1.1.1, one can 
then construct from any (c, z/)-homogeneous fragmentation, some (r, c, v) fragmentation and 
(r, c, u, I) fragmentation with immigration. 

We still work under the hypothesis (^J). Theorems El and [7| can then be modified as 
follows: 

- all the results concerning the convergence of (F^, F^ m \ ...) are still valid, provided that 
in Theorem EJ we replace the (r, u, I) fragmentation with immigration by some (r, c, u, I) 
fragmentation with immigration 

- under the assumptions of Theorem this convergence holds jointly with that of (m — 
f| m ')/mr(m) to the deterministic process (ct, t > 0). Under the assumptions of Theorem[3 
it holds jointly with that of (in — F^ \{(p v /r)(m)-)) /m(p v (m) to (ct,t > 0). 

The main difference in the proofs is that the subordinator £ introduced in © is here 
replaced by the subordinator £ c , £ c (t) := £(£) + ct, t > 0. 
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